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While the main loss channel of planar microwave superconducting resonators has been identified
to be related to an external coupling to a two-level system bath, the behavior of such a cavity
in an environment strongly pumped by a detuned tone has yet to be fully understood. Here, a
semi-classical theoretical model describing the interaction of such resonators with the Two-Level
Systems is derived, to which experimental datas obtained with different substrate materials are
fitted. Performing the experiments with different substrates allows the tailoring of fundamental
properties of the interacting two-level system bath.
Microwave superconducting resonators are an ubiqui-
tous resource in various quantum devices, ranging from
kinetic inductance bolometers [1, 2], parametric ampli-
fiers [3, 4], and embedded circuits for cavity quantum
electrodynamics [5–7]. In addition, they play a central
role as a microwave interface for various hybrid quan-
tum systems such as solid-state spins [8], mechanical res-
onators [9, 10], and ferromagnetic magnons [11, 12]. Ow-
ing to the very low resistivity of superconducting mate-
rials, combined with advanced electromagnetic engineer-
ing of radiation losses, the dominant loss channel of such
resonators is the dielectric losses due to the presence of
a two-level system (TLS) bath in amorphous materials
[13, 14]. Due to the non-linear nature of the TLS, this
loss channel is found to be dependent on the resonator oc-
cupancy, originating from thermal fluctuations [15], from
resonant excitation [16, 17] or from non-degenerate res-
onant mode occupancy [18, 19]. Moreover, an increasing
effort has been devoted to the characterization of the
microscopic properties of individual TLS probed under
stress [20] or DC voltage bias [21]. However, in many
cases, strong microwave tones are applied with signifi-
cant frequency detuning with respect to the resonance
frequency [22, 23] in order to activate a parametric inter-
action between the resonator mode and another degree
of freedom. In this configuration, the off-resonant mi-
crowave tone responsible for the saturation of the TLS
bath is spectrally distinct from the resonant mode sub-
jected to the losses, giving simultaneous rise to a shift of
the resonance frequency and a modification of the popu-
lation dependency of the quality factor.
In this letter, we derive a semi-classical model that
accounts for the energy relaxation properties of a mi-
crowave resonator due to the presence of an off-resonance
pumped TLS bath. This model reproduces the experi-
mental characterizations conducted on lumped-element
coplanar resonators fabricated on various substrates.
From these measurements, the model allows the ex-
traction of the average spectral distribution of the
TLS, as well as the relaxation properties and typical
coupling rate to the resonator. This study covers a wide
range of experimental situations as of yet unexplored.
Due to the rapid rise of hybrid quantum circuits, it is
anticipated that the model and methodology will be
widely applicable in the design and characterization of
superconducting resonators, and provides a new tool for
the investigation of the spectral structure of amorphous
materials.
In this work, we study lumped-element resonators, in
which an interdigitated capacitor and a meander induc-
tor are connected in parallel. This geometry was opti-
mized to maximize the coupling of the microwave mode
to an external degree-of-freedom such as localized emit-
ters [24, 25] or the motion of a planar dielectric mem-
brane placed in the evanescent field of the electrodes via
dielectric gradient forces [26]. A good approximation of
the electrostatic potential in the vicinity of the interdig-
itated capacitor is given by the harmonic approximation
[27]
V (x, z) = V0 sin(2pix/a)e
−2pi|z|/a, (1)
where a is the period of the electrodes oriented along
the y-axis and interleaved along the x-axis. This shows
that the nominal extent of the electrostatic potential is
inversely proportional to the period, and that the elec-
trostatic energy can thus be confined in an arbitrarily
small region around the electrode plane z = 0 by reduc-
ing a. This confinement is advantageous in the context
of hybrid quantum circuits, where coupling of an electro-
magnetic mode to a well-controlled additional system is
desirable. However, this makes the resonator highly sen-
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FIG. 1. a) Optical micrograph of the microwave cavity.
b) The dielectric environment of the capacitance (left) and
the profile of the electric field generated (right). Silicon is
represented in purple, niobium is represented in grey, and the
optional amorphous dielectric layer is represented in green. c)
zoom on the capacitor using electron microscopy.
sitive to surface defects located at the various interfaces
between superconducting material, substrate, and vac-
uum. The interaction with these defects, described by the
coupling to a TLS bath, is the dominant source of dissi-
pation in planar resonators [28] and constitutes the main
subject of this article. We have fabricated such lumped-
element resonators with a small interdigitated electrode
period a = 1µm to confine the field in a layer of thickness
∼ 200 nm around the electrode plane.
Fig. 1 shows an optical micrograph of such a resonator.
The meander, of length l ∼ 5 mm, creates an inductance
L ≈ µ0l in the 5 nH range. In addition, as a consequence
of Eq. (1), the capacitance of the interdigitated capacitor
is given by (see supplementary material)
C = S0(1 + s)/a, (2)
where S is the area of the interdigitated electrodes and
s is the relative permittivity of the substrate below the
electrodes. We have chosen S such that C ∼ 0.12 fF,
resulting in a resonance frequency ωc/2pi = 1/2pi
√
LC ≈
6 GHz. Finally, the resonator is probed by a feedline
with an inductive coupling rate Γext/2pi ≈ 0.2 MHz.
To probe the influence of the TLS bath on the res-
onator, we have performed a pump-probe experiment:
a strong pump, detuned by several linewidths from the
cavity resonance, saturates the TLS bath and a weak
probe is used to measure the resonance frequency ωc/2pi
and full damping Γ/2pi of the resonator (See Figure 2).
These quantities are extracted from the probe transmis-
sion spectrum T (see Figure 2c) using a fit formula that
properly takes into account the effect of standing waves
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FIG. 2. a) Experimental setup. b) Experimental protocol:
a strong pump field is applied far-detuned from a microwave
cavity resonance, while a weak probe field is swept across the
cavity resonance to measure its transmission spectrum T . c)
Real (top) and imaginary part (bottom) of the transmission
for various intracavity photon numbers.
in the coupling waveguide [28]. Notably, this procedure
allows to precisely extract the internal losses Γi from the
total cavity linewidth Γ = Γi + Γext. While the weak
probe has a negligible effect on the TLS bath, the pump
affects the population imbalance 〈σz(ωq)〉 according to
the saturation law for a TLS at frequency ωq
〈σz〉 = 〈σz〉th
(
1− Γ
2
2C
(ωq − ωp)2 + Γ22(1 + C)
)
, (3)
where 〈σz〉th = − tanh (~ωq/2kBT ) ≈ −0.52 is the ther-
mal imbalance resulting from the Fermi-Dirac distribu-
tion at the base temperature T = 330 mK of our 3He
cryostat, Γ2 (Γ1) the TLS dephasing (energy relaxation)
3rate, C = 4ng2/Γ1Γ2 the cooperativity of the TLS given
the coupling rate g, and the number of pump intracav-
ity photons n at the angular frequency ωp. In turn, the
population difference 〈σz(ωq)〉 of a single TLS induces a
shift of the complex cavity frequency [19]
δω =
g2〈σz(ωq)〉
ωq − ωc + iΓ2 . (4)
The frequency shift and damping, as measured by the
probe beam, are related to the real and imaginary parts
of δω. The total frequency shift and damping are ob-
tained by integrating the contribution of individual TLS,
assuming a flat spectral distribution of density P0, uni-
form coupling rate g, and no interaction between indi-
vidual TLSs, leading to (see supplementary material)
∆ωc = −P0g
2〈σz〉th
2
C√
1 + C
δ
δ2 + (1 +
√
1 + C)2 , (5)
Γc = −P0g2〈σz〉th
[
1− C√
1 + C
1 +
√
1 + C
δ2 + (1 +
√
1 + C)2
]
.
(6)
In these formulas, δ = (ωp − ωc)/Γ2 is the normalized
pump detuning with respect to the resonator frequency.
In particular, the limiting case δ = 0 describes the result
of single-tone experiments where the probe tone itself is
responsible for the TLS-bath saturation. In this case,
∆ωc = 0 and Γc monotonically decreases towards 0 as
C tends to infinity. In contrast, the detuned pump ex-
periment gives rise to a rich set of predictions: while the
monotonous decrease of Γc is barely modified, a non-zero
frequency shift ∆ωc is predicted for intermediate values
of C. The physical interpretation of this phenomenon is
illustrated in Figure 3c (3d) showing the ground state
population as a function of TLS frequency for a positive
(negative) pump detuning ∆ = ωp−ωc and various pump
powers. At low pump power C  1, the TLS transition is
not saturated, such that only the TLS resonant with the
pump (|ωq − ωp| < Γ2) are excited. The corresponding
depletion in ground-state population, increasing with C,
gives rise to a frequency pull of the cavity frequency to-
wards the pump frequency, as predicted by Eq. 4. On the
other hand, in the limit of a saturated transition C  1,
the width of the depletion in ground state population
Γ2
√
1 + C can exceed the pump-cavity detuning ∆, such
that the asymmetry of the ground-state population with
respect to ωc vanishes, hence, ∆ωc also tends to 0 for
C  1.
The combined dependence of ∆ωc and Γc as a function
of pump detuning and pump power can be used to sepa-
rately extract the TLS spectral density P0, their coupling
to the resonator mode characterized by the coupling rate
g, and their relaxation rate Γ2. In the following, we as-
sume Γ1 = 2Γ2 as the dependence over Γ1 cannot be
resolved independently using Eqs. (5) and (6).
To validate the method, measurements have been per-
formed on different resonators, fabricated on 3 different
samples that are expected to yield very distinct TLS pop-
ulations near the substrate interface:
• (Si) A 250 µm substrate of FZ grown (100) intrinsic
silicon, with a resistivity of more than 10 000 Ω.cm,
• (Si/SiO2) 500 µm of FZ grown (100) P-doped type-
n silicon, with a resistivity of more than 10 000
Ω.cm, with 2 µm of SiO2 from thermal oxidation,
• (Si/SiN) 650 µm of CZ grown (100) silicon, with
P/Boron doping and a resistivity of 1-30 Ω cm, with
200 nm of Si3N4 deposited through LPCVD.
In every case, 10 nearly identical resonators are realized
by electron-beam lithography on a 100 nm thick niobium
layer evaporated using a Plassys evaporator under ultra-
high vacuum (≈ 5 × 10−10 mbar). The resonators have
been multiplexed on the same coupling waveguide and
their resonance frequency was staggered by incrementing
the capacitor’s area by steps of ∼ 2.5 %. 6 resonances
out of 10 have been observed for the Si substrate, 4 for
the Si/Si3N4 substrate, and 3 for the Si/SiO2 substrate.
The missing resonances are attributed to short circuits
between the interdigitated electrodes of the resonator.
To experimentally extract the model parameters, the
frequency shift ∆ωc and intrinsic damping Γi are mea-
sured systematically for various intracavity pump photon
numbers nj and detunings ∆j , for j ∈ {0, Nmeas} using
the setup in Figure 2. An example of such a measure-
ment is given in Figure 3, together with a fit using Eqs. 5
and 6. In addition to P0, g, and Γ2, the only free param-
eters are Γ∞, an additive source of loss unrelated to the
TLS bath (Γi = Γc + Γ∞), and the natural frequency of
the resonator ωc. Despite the small number of fit param-
eters the agreement between theory and experiment is
excellent, which justifies a posteriori the assumptions of
our model. The error bars on the various parameters are
calculated by a bootstrap method: a random subsample
of the data points {∆ωc(ni,∆i),Γc(ni,∆i)}i∈[0..Nmeas] is
chosen for parameter estimation (the number of points in
the subsample is equal to the number of measurements
Nmeas, however multiple identical datapoints are not ex-
cluded). The operation is repeated 1000 times to deter-
mine measurement mean value and standard deviation.
The extracted parameters for the three types of res-
onators are listed in Table I, together with a 95 % con-
fidence interval. As foreseen, the samples that are re-
alized on a bare silicon substrate, which should contain
very few TLS defects, since no macroscopic oxidation has
been performed, have the smallest TLS damping. This is
characterized by the value Γ0c = P0g
2, which corresponds
to the total TLS damping extrapolated at 0-temperature,
and 0-pump power. We find an average value of 〈Γ0c〉 =
2pi×0.33 MHz for Si resonators, 2pi×1.2 MHz for Si/Si3N4
4FIG. 3. (a) Shift of the cavity frequency and (b) damping of the resonator, versus the number of intracavity photons. Each
color corresponds to a different detuning. Points correspond to experimental data, while solid lines correspond to fits from the
model. (c) and (d) are computed ground state population distribution of the two-level systems versus the frequency detuning
ω
q
−ω
c
, respectively for the red-circled and pink-circled points in (a) and (b). This measurement was performed on the sample
Si/SiO
2
, with ω
c
/2pi = 7.521 GHz (see table I).
resonators and 2pi×1.5 MHz for Si/SiO
2
respectively. As
apparent on the confidence intervals, this parameter is
very well estimated by the model. Indeed, it directly re-
lates to the measured damping at low pump power. The
individual extraction of P
0
and g is made possible by fit-
ting the shape of ∆ω
c
and Γ
i
, albeit with a smaller con-
fidence interval. For Si/SiO
2
samples, the larger damp-
ing is clearly explained by a larger TLS spectral den-
sity 〈P
0
〉 ∼4.4 times larger than for Si samples. On the
other hand, surpisingly, Si/Si
3
N
4
resonators have a TLS
spectral density comparable to that of Si resonators, but
individual TLS couplings 〈g〉 ∼2.2 times larger, proba-
bly originating from the strong overlap between the elec-
tric field profile and the 200 nm amorphous layer. The
variability of the extracted parameters between similar
resonators can be explained by statistical fluctuations
in the actual TLSs distribution. Indeed, the number of
TLSs effectively interacting with the resonator is as low
as n
TLS
= P
0
Γ
2
/2pi ∼ 4 on average. Finally, let’s note
that the average coupling g determined in this work is
approximately a factor 4 larger than previously reported
in planar resonators fabricated on Si substrates [19]. This
is likely a consequence of the sub-micron confinement of
the electric field in our interdigitated capacitors.
In conclusion, we have presented an experimental
method to characterize the non-linear properties of TLS
bath. The method has been applied to lumped-element
resonators that have been specifically optimized to con-
fine the electric field in a small region around the sub-
strate surface. By selectively saturating a fraction of the
TLSs that is resonant with a strong detuned-pump field,
and simultaneously measuring the cavity spectrum with
a weak probe field, we have observed clear signatures of
the interaction with the non-linear bath. The details of
the evolution of the resonance frequency and damping
as a function of the pump detuning can be used to in-
fer physical properties of the bath, such as the spectral
density of TLS, their coupling to the resonator, and their
lifetime. The prerequisite of this technique boils down to
standard microwave equipment and constitutes a useful
tool to precisely characterize the properties of TLS bath
- the dominant loss channel of planar superconducting
resonators. Furthermore, the physical situation consid-
ered here is ubiquitous in parametrically coupled systems
where a particular interaction is activated by a strong
pump-field detuned with respect to the resonant mode
frequency. In this regime, the coupled dynamic of the
resonant mode and TLS bath has to be carefully studied
since pump-photons can be scattered to the resonator via
the interaction with TLSs, leading to an effective heating
process. This phenomenon is currently under theoretical
investigation [29] and its characterization, which requires
5Type of wafer Γ0c/2pi (kHz) g/2pi (kHz) P0 (MHz
−1) Γ1/2pi (kHz) ωc/2pi (GHz)
Si/Si3N4 2000± 73 540± 98 1.1± 0.4 3400± 1000 6.037
Si/Si3N4 1200± 86 510± 90 0.79± 0.31 3500± 1400 5.958
Si/Si3N4 620± 69 440± 170 0.56± 0.4 4300± 2200 5.886
Si/Si3N4 790± 90 240± 59 2.3± 1.4 5300± 2500 5.742
Si 300± 22 200± 60 1.3± 0.39 2200± 820 5.069
Si 300± 22 170± 43 1.8± 0.52 2200± 710 5.300
Si 330± 19 200± 44 1.3± 0.36 2400± 790 5.378
Si 330± 22 150± 27 2.3± 0.54 2500± 710 5.229
Si 280± 23 160± 44 1.8± 0.57 2300± 800 5.114
Si 410± 24 220± 37 1.4± 0.41 1000± 840 5.443
Si/SiO2 1400± 28 380± 33 1.5± 0.25 2700± 870 7.657
Si/SiO2 1900± 50 170± 10 11± 1.4 2800± 440 7.521
Si/SiO2 1300± 18 150± 11 10± 1.4 1300± 440 7.109
TABLE I. Extracted parameters of the TLS bath for the three types of substrate
a quantum limited read-out to resolve the associated fluc-
tuations, will be the subject of future work.
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FIG. 1. Schematic of an interdigitated capacitor
ELECTRIC FIELD LOCALIZATION IN
LUMPED-ELEMENT RESONATORS
We use the schematic of Figure 1 to describe the ge-
ometry of the interdigitated capacitor: since the elec-
trodes contain a large number of teeth, we assume an
infinite periodic system in the x direction, with a period
a = 2(s+w). Further, as the length p of the teeth is much
larger than their period a, the field is therefore assumed
to be invariant along the y direction.
For a given static voltage difference V0 across the elec-
trodes, a potential V (x, z) that fulfills the Laplace equa-
tion:
∆V = 0 (1)
needs to be found. In both half spaces (z > 0 and z < 0).
Moreover, in the plane z = 0, the potential should be
uniform on the electrodes:{
V (x, 0) = V0/2 for x ∈ [s/2, s/2 + w]
V (x, 0) = −V0/2 for x ∈ [−s/2− w,−s/2], (2)
and the charge distribution
σ(x, 0) = 0
(
dV
dz
∣∣∣∣
z=0+
− s dV
dz
∣∣∣∣
z=0−
)
(3)
should be zero outside the electrodes. The solution
V (x, z) can be developed as a Fourier series:
V (x, z) =
∑
n∈N∗
sin
(
2pinx
a
)
Vn(z).
Substituting into Eq. 1, we get the differential equation:
d2Vn
dz2
(x, z) =
(
2pin
a
)2
Vn(x, z).
Finally, since the potential is continuous in z = 0, and
the solutions diverging for |z| → ∞ can be discarded, we
obtain:
V (x, z) =
∑
n∈N∗
Bn sin
(
2pinx
a
)
e−
2pin
a |z|, (4)
where {Bn}n∈N∗ are a discrete set of constants of inte-
gration to be determined using the limit conditions given
by Eq. 2 and 3. A good analytical approximation of the
coefficients Bn is given in ref. [1]. However, for w ≈ s, we
find that the first term of the series contains ∼ 92% of the
stored electrostatic energy, and as such, a good approxi-
mation of the capacitance can be obtained by truncating
the series to first order:
V (x, y) = V0/2 sin
(
2pix
a
)
e−
2pi
a |z|. (5)
This shows that the field E = −∇V is confined in a
layer of height ∼ a/2pi around the electrode plane. In
particular, this confinement can be arbitrarily increased
by reducing the period a of the interdigitated capacitor.
By substituting Eq. 5 into Eq. 3, we get:
σ = 0V0
2pi
a
sin
(
2pix
a
)
. (6)
From Eq. 5 and 6, it is evident that the truncated
Fourier series in Eq. 4 doesn’t perfectly fulfill Eq. 2
and 3 conditions. However, the capacitance C can be
well-approximated by taking the ratio:
C = Npairs
q
V0
, (7)
where Npairs is the number of tooth pairs, and
q = p
∫ a/2
0
σ(x)dx = p0(1 + s)V0
is the charge accumulated on the positive electrode. Eq
(2) in the main text follows directly from Eq. 7.
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2EFFECT OF THE TLS BATH
We first consider the interaction of a single TLS, char-
acterized by a transition energy ~ωq, and the ladder op-
erator σ+, with a cavity characterized by an angular fre-
quency ωc and the creation operator a
†. Denoting g the
rate of interaction, and J the drive strength, in the rotat-
ing frame (at pump frequency ωp) the dynamics of the
system is described by the Jaynes-Cummings Hamilto-
nian, given as:
H = ~(ωp − ωc)a†a + ~(ωp − ωq)
2
σz
+ i~g(a†σ − aσ†) + i~J (a† − a) .
The dissipation is described by the Lindblad equation:
dρ
dt
= − i
~
[H, ρ] + Γ↑↓(nth + 1)Dσ(ρ) + Γφ
2
Dσz(ρ)
+ Γ↑↓nthDσ+ + Γ0Da(ρ),
with nth =
1
e~ω/kT−1 the occupation number of the TLS,
Γ0 = Γext + Γ∞ the damping of the cavity in the absence
of TLS, Γφ the potential dephasing rate, Γ↑↓ the energy
loss rate at zero temperature, and:
DA(ρ) = AρA† − 1
2
(A†Aρ+ ρA†A).
Using the formulas 〈A〉 = Tr(Aρ) and ddt 〈A〉 = Tr(A ddtρ),
one can compute the Maxwell Bloch equations:
d〈a〉
dt
= (−i∆− κ
2
)〈a〉+ g〈σ〉+ J (8)
d〈σ〉
dt
= (−i(ωp − ωq)− Γ2) 〈σ〉+ g〈aσz〉 (9)
d〈σz〉
dt
= −2g(〈a†σ〉+ 〈aσ†〉)− Γ1 (〈σz〉 − 〈σz〉th) , (10)
where we defined Γ2 =
Γ↑↓
2 (1 + 2nth) + Γφ, Γ1 = Γ↑↓(1 +
2nth), 〈σz〉th = −1/(1 + 2nth) = − tanh(~ω/2kBT ) and
∆ = ωp − ωc. To transform this system into a closed
set of equations, we neglect the correlations and factor-
ize the products 〈aσz〉 = 〈a〉〈σz〉, 〈a†σ〉 = 〈a†〉〈σ〉 and
〈aσ†〉 = 〈a〉〈σ†〉. Moreover, we decompose the mean val-
ues into semi-classical stationary and modulated com-
ponents 〈a〉 = α + δα(t)e−i∆t, 〈σ〉 = σ0 + δσ(t)e−i∆t,
σz = σz0, and with δα(t) and δσ(t) slowly varying com-
plex functions. The equations for the stationary compo-
nents then read:
0 = (−i∆− κ/2)α+ gσ0 + J (11)
0 = (−i(ωp − ωq)− Γ2)σ0 + gασz0 (12)
0 = −2g(α∗σ0 + ασ∗0)− Γ1(σz0 − 〈σz〉th). (13)
From Eq. 12, we get:
σ0 =
gασz0
i(ωp − ωq) + Γ2 . (14)
and from Eq. 13, we get:
σz0 = 〈σz〉th
(
1− Γ
2
2C
(ωq − ωp)2 + Γ22(1 + C)
)
, (15)
with C = 4g2|α|2/Γ1Γ2. We then solve for the modu-
lated parts by adiabatically eliminating the TLS dynamic
( ˙δσ = 0). From Eq. 8, we obtain:
˙δα = −κδα/2 + gδσ, (16)
and from Eq. 9:
δσ =
g2σz0δα
−i(ωc − ωq)− Γ2 . (17)
By substituting Eq. 17 into Eq. 16, we obtain:
˙δα =
(
−κ/2 + g
2σz0
−i(ωc − ωq)− Γ2
)
δα. (18)
Hence, the complex frequency pull is given by:
δω =
g2σz0
(ωq − ωc) + iΓ2 . (19)
We also compute the total frequency shift and damping
by summing the individual contributions of all the TLSs.
If we assume a homogeneous distribution of frequencies
of the TLS, with a density P0, we have the following:
δωc =
∫ ∞
−∞
dωq
P0
2pi
g2σz0
ωq − ωc + iΓ2
=
∫
〈σz〉th
(
1− Γ
2
2C
(ωq − ωp)2 + Γ22(1 + C)
)
× P0g
2
(ωq − ωc) + iΓ2
dωq
2pi
.
This integral can be interpreted as the convolution prod-
uct:
δωc(∆) = 〈σz〉thP0g2×[(
1− Γ
2
2C
ω2 + Γ22(1 + C)
)
⊗ 1
ω + iΓ2
]
(∆).
Using standard Fourier transforms and the convolution
theorem, we derive the expression:
δωc = −P0g2〈σz〉th/2
(
i+
C√
1 + C
1
∆/Γ2 + i(1 +
√
1 + C)
)
.
(20)
The real and double-imaginary parts of this expression
correspond to the frequency shift and damping induced
by the TLS:
∆ωc = Re [δωc]
= −P0g
2〈σz〉th
2
C√
1 + C
∆/Γ2
(∆/Γ2)2 + (1 +
√
1 + C)2 ,
(21)
3Γc = 2Im [δωc]
= −P0g2〈σz〉th
[
1− C√
1 + C
1 +
√
1 + C
(∆/Γ2)2 + (1 +
√
1 + C)2
]
.
(22)
PHOTON NUMBER CALIBRATION
The intracavity photon number at cryogenic temper-
ature can be precisely quantified with the calibration
of the total attenuation required for signal thermaliza-
tion. To achieve this, we performed a separate experi-
ment shown in Fig. 2a where a temperature controlled
50 Ω-termination is placed instead of the sample. The
emitted Johnson-Nyquist noise is used as a calibrated
signal to extract the gain of the amplification chain G.
The power spectral density measured by a spectrum an-
alyzer depends on the temperature of the 50 Ω-resistor
according to S[ω, T ] = G(~ωc[exp( ~ωckBT − 1]−1 + Samp)
where Samp is the spectral noise density added by the
amplification chain. The measured power spectral den-
sity is shown in Fig. 2b as a function of the temperature
of the 50 Ω-termination, the temperature is cycled up
and down with a 5 minutes thermalization time for each
value. The temperature sweep enables us to separate the
contribution of the Johnson-Nyquist noise from the noise
added from the amplification chain. Moreover, a probe is
added to track slow drift of the gain of the amplification
chain during the calibration. We obtain an amplification
chain gain of G = 61.8 dB and an added noise corre-
sponding to Samp = kB × 4.4 K in agreement with the
specification of the HEMT amplifier. Assuming that the
amplification chain remains unchanged with respect to
the setup presented in Fig.2 a) of the main text, we are
able to extract the total attenuation of the thermalization
chain of 52 dB and therefore infer the photon flux at the
input of the superconducting resonator |ain|2. Thus, the
intracavity photon number can be extracted according to
the following equation:
n¯ =
4κc|ain|2
κ2tot + 4∆
2
, (23)
where the coupling rate κc, the total decay rate κtot and
the cavity detuning ∆ are extracted from experimental
data presented in Fig.2c) of the main text.
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FIG. 2. (a) Setup used for the calibration of the amplification
and attenuation chain. (b) Experimental results, for increas-
ing and decreasing temperatures, with added fit.
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